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Abstract 
We investigate linear collineation groups of a M6bius plane of odd order q which preserve 
an arc. It turns out that such a group is either dihedral or cyclic, provided that q is not a power 
of 3. @ 1999 Elsevier Science B.V. All rights reserved 
1. In t roduct ion  
k-arcs in finite projective geometries have been intensively studied, also in connection 
with coding theory, see [1]. It seems plausible that k-arcs will also play an important 
role in the study of Steiner triple systems, designs, and Benz planes (namely, M6bius, 
Laguerre and Minkowski planes). The first discussion of arcs in Benz planes, including 
the problem of  determining the maximal size of  arcs, was given in [5]. For results on 
large arcs in finite Minkowski planes, see also [4]. 
In this paper we deal with arcs in the M6bius plane J / (q )  arising from the elliptic 
quadric of  PG(3,q)  with q = ph, p an odd prime. Recall that an arc of size k (briefly, 
a k-arc) in J { (q )  is a set of  k points no four of which lying on the same circle. This 
means that a k-arc in J//(q) is just a (projecive) k-arc in PG(3,q) lying on an elliptic 
quadric. 
Since very little is known concerning the possible sizes of arcs in a M6bius plane, 
a general construction procedure for them will be described in Section 2 which gives, 
for any k and p prime, a k-arc in J//(q) with q = pJ' provided that h is sufficiently big 
with respect o k. Another relevant question is to determine the possible finite groups 
which can act on J /{(q) and preserve a k-arc. In this direction, our main results are 
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Theorem 1.1. Let G be a linear collineation group of  a M6bius plane ~(q) ,  q odd, 
which preserves a k-arc with k >~ 10. I f  G f ixes a point o f  ~(q)  then G is a cyclic 
group of  order at most 4, unless q = 3 h and IGI -- 2~3/~ with ~ and fl integers. 
Theorem 1.2. Let G be a linear collineation group of  a M6bius plane ,//g(q), q = p/' 
and p >i 5, which preserves a k-arc. I f  G has order greater than 7, then it has a 
subgroup H of  index at most 2 such that one of  the following cases holds: 
(i) H is a cyclic group of  order n with n I q2 + 1. 
(ii) H is a dihedral group of  order n with n I 2(q 2 + 1). 
(iii) H ~- A4. 
(iv) H ~-A5 and q2 =_ -1  (mod 5). 
The problem of determining all divisors n which occur in cases (i) or (ii) of  
Theorem 1.2 seems very difficult. It should be remarked however, that the known 
upper bound for k when q is odd (see [5]) shows that the order of H is smaller than 
q -  ¼~/~+ ~ 
and even smaller than 
q -  ½x/q+6 
when q = ph and p ~> 5, according to [2]. 
2. Existence of k-arcs in J//(q) 
Although by Theorem 1.1 the order of a group preserving an arc and fixing a point 
has a strict upper bound when q = pt, and p ~> 5, the existence of k-arcs for every 
value of k is guaranteed by the following Lemma (see also [5, Section 3]). 
Lemma 2.1. For every pair o f  positive integers k and p, with p prime, there exists 
an integer h such that j//Z(ph) contains a k-arc. 
Proof. A k-arc has (~) 3-secant circles, which cover at most (~)(ph _ 2) + n points 
of ~(ph) .  When (~)(ph _ 2) + n - 1 < p2h, for instance if n 3 < 6p h, the M6bius 
plane d/l(p h) can certainly contain a k-arc. [] 
We remark that Lemma 2.1 holds not only in the case of a M6bius plane of odd 
order arising from the elliptic quadric in PG(3,q), but also in general. The argument 
used to prove Lemma 2.1 can also be used to compute a lower bound for the size of 
a complete arc in Jg(q). 
A. Sonnino /Discrete Mathematics 197/198 (1999) 749 757 751 
3. Linear collineation groups which fix a point and preserve an arc 
In this section we shall use the representation of  ~//(q) on an affine plane AG(2.q) 
which arises from a stereographic projection. The point set of ~//(q) consists then of 
all points of AG(2,q) together with the symbol oc, and circles are of two types: 
(i) Lines of  AG(2,q). 
(ii) Circles of  equation 
(x -u )  2-s(y v) 2=r ,  
where u, ~?,r E GF(q), r # 0, and s is a fixed non-square lement of  GF(q). The 
point (u, v) is called the center, and r the radius of the circle. 
If we identify AG(2,q) with GF(q2), then the circle with center at P (u,r) and 
radius r has equation 
(Z  - -  W)  q I = I * 
where w u + it: and i is a fixed element in GF(q 2) such that i -~ s. Since our 
present purpose is to prove Theorem 1.1, we only need to consider collineations with 
a common fixed point. We may also assume, without loss of generality, that ">c i~ 
such a fixed point. The linear collineation group of . / [(q) fixing ~c turns out to be 
ATL(I ,q e) and consists of  all permutations x ~ aS  + b, a ,~ 0 and a c Aut GF(q 2) 
such that 0 .2 = id. Those collineations which are of the form x ~ ax + b, with a square 
element of GF(q 2), are called direct collineations; they constitute a subgroup of inde-¢ 
2 in AGL( 1, q2). 
A classical result on the real plane (see [6, Chapter 1]) states that translations, rota- 
tions and dilatations are direct collineations, while involutory symmetries are indirect 
collineations. Furthermore, each direct collineation can be written as a product of  at 
most three appropriate special direct collineations. We point out that this result still 
holds in the finite case. 
Lemma 3.1. Any direct collineation o /  ~t/(q) f ixing .~c but no other point is a 
translation. 
Proof. Let f be a direct collineation of .~//(q), with f (x )  - ax + b and a # 0 square 
element of  GF(q). We just need to show that if f fixes ~c but no other point then 
a = 1. Suppose that a ¢ 1, then f ( z )= z has a solution 
b 
Z= 
1 - -a '  
thus a fixed point z :~ oc is determined for f ,  contradicting the initial hypothesis. [-] 
Lemma 3.2. Any direct collineation o f  J / (q )  f ixing a point dil[[erent Jrom 7",o is either 
a rotation, or a dilatation, or a product o f  them. 
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Proof. We may assume without loss of  generality that the zero element of GF(q 2) 
is the fixed point different from ~.  A direct collineation f fixing 0 is a permutation 
x ~ ax with a square element a of  GF(q2). I f  a q+l -- 1 then f is a rotation with 
center 0 and radius 1. I f  a q- l = 1 then f is a dilatation with center 0 and ratio 1. It 
remains to show that for a square element a E GF(q 2) \ {0} there exist al, a2 E GF(q 2) 
such that a q-l ~q+l = 1 and a = ala2. Note that gcd(q - 1 ,q÷ 1) = 2 and hence 
2 = )~(q - 1) +/~(q + 1 ) with )~, # integers. Let ~o be a primitive element of  GF(q 2). 
We have a = ~o 2k, k integer, hence a = ala2, with al = ~o k;(q 1) and a2 = oJ k~'(q+JI. 
Since "l-q+l = a2q-I = 1, the Lemma follows. [] 
Let X be a k-arc of  J / (q) ,  q = ph, and G the linear collineation group preserving 
s f  and fixing the point oc E J / (q) .  Also, let H be the subgroup of G consisting 
of  all direct collineations. Obviously, H is a subgroup of index 4 of  G and - -  by 
Lemmas 3.1 and 3.2 - -  any element of H can be represented by a product r(p6) 
of  three convenient collineations ~, p and 6 which are, respectively, a translation, a 
rotation with center at 0 E GF(q 2) and a dilatation with center at the same 
point. 
Lemma 3.3. I f  H contains a non-trivial translation then p = 3. 
Proof. Each non-trivial point-orbit under a translation of  rig(q) consists of  p collinear 
points. This implies p = 3 since sU contains no four collinear points. [] 
The same argument can be used to prove the following lemma. 
Lemma 3.4. I f  ~ E H is a dilatation then ord6 is' at most  3. 
Since each non-trivial point-orbit under a rotation of  Jg(q)  lies on a circle, the above 
argument yields also the following result. 
Lemma 3.5. I f  dp E H is the product o f  a dilatation with a rotation then ordq5 ~< 3. 
Proof. We may assume that q~ is x ~ ala2x where a q-I = a q+l = 1. Put ordal = )q, 
orda2 = 22 and g = gcd().l,22); then 9~<2, and 21il +22i2 = g with il and i2 integers. 
• " )qil ).1il 2i l l  ).li l g--). , i2 • " The collineation ~b "~'~ is x H aj a 2 x = a 2 x. Now a 2 ----- a~ - = af, thus ~b ~'' 
a g has order at most 3, and since g E {1,2} we have is x ~ a?x. By Lemma 3.4 a 2
,¢2 E {2, 3, 4, 6}. Similarly, 2l E {2, 3, 4, 6} and 
2122 
ord(a la2) -  E {2,3,4,6,12}. 
gcd(21,22) 
Remark that if 2 divides ord(ala2) then 3 does not divide it. In fact, if 2 ] ord(ala2) 
and 3 ] ord(ala2) there exist two integers h,k  such that ord(ala2) h = 2, ord(ala2) k = 
3. Since ord(ala2) k ] (q+ 1) (q -  1), either 3 ] q+ 1 or 3 ] q -  l. I f  3 [ q+ 1, 
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then (ala2) h and (ala2) k are two distinct dilatations of orders, respectively, 2 and 3, 
thus x ~-, (ala2)h+kx is a dilatation of order 6, which is impossible by Lemma 3.4. 
The same arguments apply if 3 I q - 1, hence ord(ala2) C {2,3} and the Lemma 
follows. 
From Lemmas 3.3-3.5 we have the following result. 
Proposition 3.6. An), direct collineation o[ . / / (q) preserving a k-arc and hxin!j 
oc E ,Ill(q) has order at most 3. 
Proposition 3.7. Any non-trivial linear collineation of  ,¢/(q) mapping a k-arc onto 
itself and fixing oc E o//g(q) has order t E {2, 3, 4, 6, 8, 12}. 
Proof. Let G be the group of automorphisms of ,~//(q) fixing :~c and mapping a k-arc 
onto itself. Also, let H be the subgroup of direct automorphisms of G, and K the 
subgroup of G consisting of all the permutations x ~ ax + b with a 6 GF(q 2) \ {0}. 
We have [G:H]  = 4 and [G:K] : [K:H]  = 2. 
For any g 6 K \ H take the cyclic group E = {92, g4, g(~ ... .  }. Clearly g2 6 H, then 
E itself is a subgroup of H. By Proposition 3.6, any element of  H has order either 
2 or 3, thus IEI 6 {2,3}. By [K:E] = 2 any element of K has order r ~ {2,3,4,6}. 
Similarly, for any h 6 G \K  take the cyclic group E'  = {h2,h4, h 6 .... }. Now h 2 c K. 
thus E'  is a subgroup of K. By [G : K] := 2 the statement follows. 51 
Remark that by Proposition 3.7 the order of  a linear collineation group G preserving 
a k-arc and fixing a point oc in a finite M6bius plane ,///(q) must be 2"3/,, with a and 
b integers. Hence, the second part of Theorem 1.1 follows. 
4. The structure of linear groups preserving an arc and fixing a point when p ~> 5 
So far we have dealt with the cardinality of the group G fixing a point in . / / (q) 
- -  with q = p/', p odd prime - -  and mapping a k-arc .;f onto itself. In this Section 
we are going to determine the structure of such a group G provided that p~>5. As in 
previous Sections, let H be the subgroup of all direct collineations of G, and K the 
subgroup of G consisting of  all collineations x ~ ax + b with a any non-zero element 
of GF(q2). We recall the following result (see [3, Hauptsatz 8.27]): 
Theorem 4.1 (L. E. Dickson). The group PSL(2, p/'), p odd, has only the Jollowiml 
subgroups." 
(i) Elementary abelian p-groups. 
t £ ± I (ii) Cyclic groups of  order n with n [ 2 • 
(iii) Dihedral groups of  order n, with n as in case (4.1). 
(iv) A4. 
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(V) 34 if p2h _ 1 ------ 0 (mod 16). 
(vi) As, if p = 5 or  p2h _ 1 ----- 0 (mod 5). 
(vii) Semidirect products of  elementary abelian p~roups  of  order pk with cyclic 
groups of  order n if  k <_ h, n ] pk _ l and n ] ph _ 1. 
(viii) PSL(2, p ~) and PGL(2, pZ) with k lh. 
Proposition 4.2. I f  p >~ 5 then H & a cyclic group of  order at most 3. 
Proof. By Dickson's Theorem, H is isomorphic to one of the groups listed above. 
Proposition 3.6 shows that H contains neither p-elements nor elements of  order 4. 
Thus cases (i), (vi), (vii) and (viii) cannot occur. Also, H is not a dihedral group 
because H fixes oc while a dihedral group of PSL(2,q) has no fixed point. Finally, 
cases (iv) and (v) are ruled out since no two involutions in H commute. [] 
Proposition 4.3. I f  p >~ 5 then K = H. 
Proof. Proposition 4.2, together with [K:H]~<2, yields IKI c {2,3,4,6}. Suppose 
IKI -- 4. Since K contains no commuting involutions, K must be cyclic. Let 7 be 
a generator of  K. Clearly, 7 has a fixed point which may be supposed to be the zero 
element of  GF(q 2). Hence, 7 is a permutation x ~ ax with a 4 = 1, and it follows that 
~; is either a rotation or a dilatation, according to 4 ] q + 1 or 4 ] q -  1, respectively. 
We have 7 ¢ H, contradicting Proposition 3.6. Now suppose IKI -- 6. In this case K 
is either cyclic or dihedral. But K cannot be dihedral, because the dihedral group of 
order 6 has no fixed point while K fixes w.  So let K be isomorphic to C6, and take an 
involutory element u E K. Such u is obviously x ~-~ -x  + c, hence u C H. Furthermore, 
since [K: HI  ~< 2, each element of order 3 in K is actually in H. Thus, K = H, and by 
Proposition 4.3 H cannot be a cyclic group of order 6. [] 
Proposition 4.4. I f  p>~5 then IGI ~<6. Furthermore, G b isomorphic to one of  the 
following groups: 
(i) C2. 
(ii) C3. 
(iii) C2 × C2 with k<<.3. 
(iv) C4. 
(v) D3 with k<~9 and q = 2 (mod 3). 
(vi) C6 withk<~9 andq= 1 (mod3).  
Proof. Propositions 4.2 and 4.3 together with [G:K] ~<2 yield the first claim. Clearly, 
cases (i) and (ii) occur by 6 I q2 _ 1. Assume next that G has order 4. Then G fixes a 
point different from ~,  which may be supposed to be 0 E GF(q 2). I f  G is isomorphic 
to C2 × C2 then G is generated by x ~-~ -x  and x ~-~ xq, hence the orbit of a point 
a E GF(q 2) \ {0} has size either 2 or 4. In the latter case, such an orbit consists of  
a, -a ,  aq, -aq. But these points lie in the same circle because their cross-ratio is in 
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GF(q) U {oc}. We may assume that the size is equal to 2. Then, a E GF(q) \ {0} and 
the orbit consists of  a and -a .  This shows that a k-arc preserved by G ~ C_~ × C2 only 
exists for k = 3, and it consists of the points a, a, with a E GF(q) \ {0}, plus either 
0 or ~x~. If G is isomorphic to C4 then it is generated by x ~-~ ax u with a q~ i = 1 and 
a ¢ GF(q 2). Since q/>5, we can choose a in such a way that a u-j = -1  but a 2 ~ 1. 
The orbit of  the point 1 under the action of  G consists of  the points 1, a, -a ,  1. 
They form a 4-arc since their cross-ratio is in GF(q 2) \ GF(q). Note that even a 5-arc 
can be obtained, by adding either 0 or oc. 
Now assume that G has order 6. Since p>~5, it fixes a point different from ~ and 
again we may assume that it is 0 C GF(q 2). If  G is isomorphic to the dihedral group 
Ds, then q _-- 2 (mod 3) and G is generated by x ~ x ~t and x ~ ax where a C GF(q ~ ) 
is a primitive third root of the unity. The orbit of a point x E GF(q 2) has size either 
3 or 6. In the latter case, x 'l -x  ¢ 0 holds, and the orbit consists of the points x, 
ax, aqx, x q, aqx q and axq. An easy computation shows that the points x, ax, x u and 
aqx q have cross-ratio in GF(q)U  {vc}. Hence they lie on the same circle. If  the orbit 
of a point x ~ GF(q 2) has size 3, then xq = 0 holds, and hence x lies on the circle 
represented by the x-axis in AG(2, q). Thus the maximum number of orbits under G 
of size 3 lying on a k-arc is 3. This number may be improved by 2 when the k-arc 
contains at least one of the points 0 and ~c. Hence k ~<9. 
If G is isomorphic to C(~ then q --- 1 (mod 3) and G is generated by x ~-~ ax u with 
a ~ GF(q) a primitive sixth root of  unity. If  the orbit of a point x ~ GF(q 2 ) has size 
greater than 3, then it consists of  the points x, ax u, a2x, -x  u, aqx and a5.v q. .AS before, 
the cross-ratio f  the points x, ax q, --X '! and a4x q is in GF(q) U {vc}, and hence they 
lie on the same circle. If  the orbit of a point x C GF(q 2) has size 3, then x u + x = 0 
holds, and thus x lies on the circle represented by the y-axis  in AG(2, q). This shows 
that no more than three orbits under G of size 3 lie on a k-arc, whence k ~<9 follows 
as before. 
5. Singer subgroups which preserve an arc 
Let G be a Singer group of ,//g(q) generated by a Singer cycle g. Then G acts 
on the point-set of ~g/(q) as a sharply transitive permutation group, and thus the 
points of  . , / / (q)  can be identified with the integers 0,1 . . . . .  q2. For a divisor k of 
q2 + 1, the group G contains a subgroup H of  order k. Putting d = (q2 + l ) /k ,  the 
point-set 
A = {O,d,  2d . . . . .  ( k -  1)d} 
is preserved by H, and one can ask whether or not A is a k-arc. This problem seems 
very difficult in the general case. However, some examples of 10-arcs have been found 
in ,s¢/(q), for small values of  q, by using the computer. This shows that Theorem I. 1 
does not hold without the condition on the existence of a fixed point. 
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6. The case p = 3 
We point out that the upper bound IGI ~<4 in Theorem 1.1 does not hold without 
the condition p>~5. Let ~(q) ,  with q = 3 h, be the M6bius plane associated to the 
elliptic quadric Q of PG(3,q) with equation 
X 2 - -  By 2 = z. 
For a, b E GF(q) the collineation 9a,b 
x ~ =x +a,  y l  = Y+ b, z ~ = 2ax-  2sby  +z  +a 2 - sb  2. 
preserves Q and hence is a linear collineation of ~(q) .  Let q = 38. For a primitive 
element ~ of GF(38) let G be the elementary abelian group of order 27 generated by 
90,1, 9~.~2 and 9~3~5. Then the orbit of the point O = (0,0,0) under the action of G 
tums out to be a 27-arc in ~(38).  Similarly, for a primitive element ~ of GF(31°), 
the orbit of the point O = (0, 0, 0) under the action of the elementary abelian group of 
order 81 generated by g0,1, g~,~2, 9~3,~, g~7.~,, is an 81-arc in J/(31°). 
We remark that the above examples probably belong to an infinite family of transitive 
k-arcs. However, we are not investigating this question in the present work. 
7. Proof of Theorems 1.1 and 1.2 
Theorem 1.1 follows from Proposition 4.4. From now on assume that q ¢ 3 h. Let 
F be a linear collineation group of Jgq) of order greater than 7 which fixes a k-arc. 
With the representation f ~q)  given in Section 3, F turns out to be a subgroup of 
the group PyL(2, q2) of all permutations 
ax  ~ + b 
x ~-+ - -  ad  - bc  ~ 0, 
cx  a + d ' 
on GF(q 2) tO {0¢} where a ,b ,c ,d  E GF(q 2) and a E AutGF(q 2) with O "2 = id. 
Let S be the subgroup of F contained in PGL(2,q2). We note that the order s of 
X is greater than 4. We show that S is isomorphic to one of the groups given in 
Theorem 1.2. We note first that p does not divide s since every element in PGL(2, q2) 
of order 8 has a subgroup of index at most 2 which fixes a point, hence no collineation 
group of order 8 can preserve a k-arc by Propositions 4.2 and 4.3. Further, the sub- 
groups of PGL(2,q 2) which are not in PSL(2,q 2) are cyclic groups and dihedral groups 
[7]. In the former case, Z fixes either none or two points according as s I q2 + 1 or 
s I q2 _ 1. Since Z has no fixed point by Propositions 4.2 and 4.3, this yields s [ q2 + 1. 
Also, if S is a dihedral group, then s [ 2(q 2 + 1 ). Apart from these two possibilities, Z
must be isomorphic to one of the three sporadic groups listed in Theorem 4.1. Actually, 
27 ¢ $4 since $4 has a subgroup of order 8. To complete the proof of Theorem 1.2, 
we only need to note that if 27 _~ A5 and q2 = 1 (mod 5), then an element of order 5 
in Z has a fixed point, and thus cannot fix a k-arc by Proposition 4.2. 
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